Abstract Recently, one of the most interesting topics in supply chain management (SCM) is the integrated vendor-buyer production-inventory problem, in which the critical issue is to determine economic lot size per shipment and deliveries. Most researches on this issue assume that products are screened and the process is perfect; however, screening errors (including type-I and type-II) may occur with imperfect quality in practice. In this paper we consider a simple single-vendor single-buyer supply chain system in which products are received with defective quality, and 100% screening process is performed with possible inspection errors. The objective of this paper is to determine the optimal number of shipments as well as the size of each shipment in order to minimize the joint annual cost incurred by both vendor and buyer. We develop a cost model for the supply chain system and propose a solution procedure to find the optimal solution. A numerical example is given to illustrate the application of the model. Besides, based on the numerical example, a sensitivity analysis is also made to investigate the effects of five important parameters (the inspection rate, the annual demand, the defective rate, Type I error, and Type II error) on the optimal solution.
Introduction
Recently, the issue of just-in-time (JIT) manufacturing has received considerable attention, and one of the most interesting topics on this issue is the integration of vendor and buyer in the supply chain system [4] . Many researches have shown that improved benefits can be achieved through the coordination of vendor and buyer. In his pioneer work Goyal [9] considered the joint optimization problem of vendor and buyer, in which he assumed that vendor's production rate was infinite. Banerjee [1] extended the result to the case of finite production rate, and developed a joint economic lot size (JELS) model in which vendor made to order under lot-for-lot policy. Goyal [10] further relaxed the lot-for-lot assumption, and proposed a model in which each production batch was shipped to buyer in smaller batches of equal size. Later Hill [15] established an optimal batching and shipment policy; in his work, he showed that the successive shipment sizes of the first m shipments should be adjusted by a fixed factor and the remaining shipments should be equal-sized. Ha and Kim [13] used geometric programming model to integrate decisions of vendor and buyer, in which small production lots were considered. Hoque and Goyal [16] proposed an optimal procedure to a single-vendor, single-buyer production and inventory problem with both equal and unequal sized shipments, in which capacity constraint of transportation equipments was considered. Later Pan and Yang [21] investigated an integrated inventory model with controllable lead time with normally distributed demand. Recently, Buscher and Lindner [3] presented a lot size model to allow the simultaneous determination of production as well as rework lot searches neglect the effect of screening errors when items need to be inspected. In practice it is often the case that, when 100% screening process is performed, inspection fails to be perfect due to Type I and Type II errors. Type I error occurs if perfect items are mistakenly classified as defective, and it results in unnecessarily requiring more items with extra cost; Type II error appears if imperfect items are mistakenly identified as perfect, and it incurs penalty cost. The objective of this paper is to extend the model developed by Huang [19] to the case with screening errors. More specifically, we consider the production and inventory model with imperfect quality under screening errors in which 100% screening process is realized.
This paper is organized as follows. In section 2, notations and assumptions used in this paper are given. Section 3 develops an integrated production and inventory model with defective items under screening errors. Section 4 gives a numerical example and conducts sensitivity analysis for the screening rate, annual demand, defective percentage, Type I error, and Type II error. Conclusion is summarized in section 5.
Notation and Assumptions
The following notations and assumptions are adapted in developing the integrated production and inventory model considered in this paper. 
Parameters
Assumptions: 1. the supply chain consists of a single vendor and a single buyer 2. demand for the item is constant over time 3. production rate is uniform and finite 4. successive deliveries are scheduled so that the next delivery arrives at the buyer when the stock from previous shipment has just been used up 5. the number of perfect items is at least equal to the demand during screening time 6. shortages are not allowed 7. time horizon is assumed to be infinite 8. the vendor delivers the "true" defective items in a single batch at the end of the buyer's 100% screening process and thus warranty cost occurs
Mathematical Model
In his recent paper, Huang [19] considered a single-vendor, single-buyer supply chain system with imperfect products in the integrated production-inventory model. The inventory levels of Huang's model for both the vendor and buyer were depicted in Fig. 1 , and the annual total cost of the integrated model (including both the vendor and the buyer) was given by
where the costs in the right-hand side of Eq.(3.1) are setup cost, ordering cost, transportation cost, screening cost, warranty cost, vendor's holding cost, and buyer's holding cost, respectively.
In contrast to Huang's model, we consider in this paper that 100% screening process is performed, in which imperfect quality under inspection errors may occur. Hence, the buyer's inventory level of Huang's model is modified as
To avoid possible shortages, we assume that during the screening time Y is restricted to the following condition:
Furthermore, the cycle time is given by nT, where T =
. Therefore, the vendor's annual holding cost,shown as HC V , can be written as
Let T C V (n, Q) denote the vendor's annual total cost, then we have +dD
where the costs in the right-hand side of Eq.(3.3) are setup cost, warranty cost for "true" defective items, screening cost for defective items returned by buyer, and holding cost, respectively.
Similarly, the buyer's annual holding cost, denoted as HC B , is given by where the costs in the right-hand side of Eq.(3.3) are setup cost, warranty cost for "true" defective items, screening cost for defective items returned by buyer, and holding cost, respectively.
Similarly, the buyer's annual holding cost, denoted as HC B , is given by
Then, the buyer's annual total cost T C B (n, Q) is given by
where the costs in the right-hand side of Eq.(3.4) are ordering cost, transportation cost, screening cost, holding cost, and penalty cost, respectively. Therefore, by adding Eq.(3.3) and (3.4) (i.e., the vendor's annual total cost T C V (n, Q) and the buyer's annual total cost T C B (n, Q)), the annual total cost of Huang's model can now be modified as follows:
Let f (y) be the probability density function of random variable Y, by taking the expectation of Eq.(3.6), the expected annual total cost EK(n, Q) is given by
where
(3.7)
Note that when the screening process is perfect (i.e., α=0 and β=0), Eq.(3.7) reduces to Huang's model; besides, when all items are perfect (i.e., no screening process is needed), Eq.(3.7) will reduce to the model of Ha and Kim [13] .
The following property is needed in the derivation of the optimal solution for the expected annual total cost EK(n, Q).
Property 1 For fixed n, EK(n, Q) is convex in Q.
Proof. See Appendix A1.
According to Property 1, the optimal value of Q can be determined by letting
Thus, the procedure of determining the optimal number of shipments n * and lot size Q * is summarized in the following theorem: (
, the optimal shipments from the vendor to the buyer must satisfy as follows.
, the optimal solution of (n * , Q * ) can be expressed as n * =1 and Q * = Q * (1).
Proof. See Appendix A2.
Numerical Example and Sensitivity Analysis
In this section, we use the example given by Huang [19] to illustrate the effectiveness of our modified model developed in the previous section. The parameters are as follows: In addition, we set the penalty cost m = $50/unit, Type I error α = 0.01, and Type II error β = 0.02.
Due to the property of uncertainty and the lack of sufficient data for the defective rate, we can not properly determine the distribution of defective rate. Therefore, in this paper, we follow the previous researchers (such as Huang [19] , Maddah and Jaber [20] , Papachristos and Konstantaras [22] , Salameh and Jaber [25] 3.9) , the optimal number of shipments is given by n * = 7. Furthermore, setting n * = 7 into Eq.(3.8), we have the optimal lot size per shipment Q * ≈ 788. Hence, the expected annual total cost is $77207.6. Compared with Huang [19] , the number of shipments of our model is the same as that of Huang [19] ; while the lot size of each shipment and the expected annual total cost of our model are larger than those of Huang [19] .
Obviously, the optimal policy (including Q * , N * , and EK * ) for the proposed supply chain system is dependent on the parameters P, D, S V , S B , h V , h B , F, x, d, v, m, α, and β. A complete investigation of the effect of these parameters on the optimal solution would be a laborious computational work. To reduce the computational labor, we take only x, D, U, α, and β into account. All of the five parameters are set at two levels. Their values are summarized as follows: x (1) 175200 (2) Except these five parameters, the other parameters are set as stated above. Table 1 lists the optimal solutions under 32 combinations of x, D, U, α, and β. From the table, we can get some findings described as follows:
1. Q * is increasing with x; while N * and EK * are decreasing with x. As to the increasing of Q * with x, this is rather intuitive because a higher inspection rate leads to fast removal of defective items, which reduces the inventory holding cost and allows ordering more quantity. This result agrees with Maddah and Jaber's work [20] . Consequently, the increasing of lot size in each shipment will lead directly to the increasing in the lengths of the time intervals between successive shipments. Hence, the number of shipments in each cycle will decrease. Finally, due to the decreases of the receiving and transportation costs resulting from the decrease of N * , we have that EK * will decrease as x increases. 2. Q * , N * , and EK * are all increasing with D. This is similar to the case in the traditional EOQ model. 3. Q * , N * , and EK * are increasing in U . That is, the higher the defective rate, the higher the order quantities, the number of shipments, and the expected annual total cost are. Obviously, as the defective rate increases, the buyer needs more quantity per shipment to satisfy the demand. This result consists with the Salameh and Jaber's [25] work. This increment in lot size will lead to extra shipments and costs. In contrast, the effect of the defective rate on the expected annual total cost is higher than those on the lot size per shipment and the number of shipments. 4. As expected, Q * , N * , and EK * are also increasing in α. This is because type I error will "reduce" the quantity of non-defectives in the lot size per shipment and then result in the necessity of increasing the lot size per shipment and/or the number of shipments to satisfy the demand. 5. Q * and N * are decreasing in β; while EK * is increasing in β. This can be understood by noting that false acceptance of defectives will inflate the quantity of non-defectives in the lot size per shipment, and hence decrease the lot size per shipment and the number of shipments. Next, naturally, false acceptance of defectives will incur much penalty cost and then decrease the expected annual total cost. 
Conclusion
In practice, based on the vendor-buyer coordination focusing on item flows with an objective of minimizing supply chain costs, the vendor is usually required to deliver the items by lot-splitting shipments so as to minimize inventory holding cost for the buyer, as done in a long-term purchase agreement of a JIT manufacturing environment. In this paper, we propose a generalized production-inventory model in which items may be received with imperfect quality, screening errors and lot-splitting shipments. An analytic solution procedure is developed to compute the optimal total number of shipments and the size of each shipment. The works of Huang [19] and Ha and Kim [13] are two special cases of our model, associated with the cases with the screening process being perfect and all items being perfect, respectively. An investigation of the effects of five important parameters (the inspection rate, the annual demand, the defective rate, Type I error, and Type II error) on the optimal solution is also made. Numerical results shows that (1) as the inspection rate increases, the optimal lot size per shipment increases; while the number of deliveries and the expected annual total cost decrease. (2) the higher the annual demand, the higher the optimal lot size per shipment, the number of deliveries and the expected annual total cost. (3) as the defective rate increases, the values of optimal lot size per shipment, number of deliveries and expected annual total cost increase. Besides, in contrast to the quantities per shipment and the number of deliveries, the defective rate has a larger effect on the expected annual total cost. (4) the higher the Type I error, the higher the optimal lot size per shipment, the number of deliveries and the expected annual total cost. (5) if Type II error increases, the value of optimal lot size per shipment and the number of deliveries decrease; while the expected annual total cost increases. Besides, the optimal quantities per shipment and the number of deliveries are rather robust to the moderate changes in type II error.
Appendix A1 Proof of Property 1.
Taking the first and second partial derivatives of EK(n, Q) with respect to Q, we have
and
Therefore, for fixed n, EK(n, Q) is convex in Q. This completes the proof of Property 1. 
Appendix
] By ignoring the terms that are independent of n, taking square of EK(n), and then dividing by 2DΩ, we have
where ∆ =
Taking the first derivative of EK(n) with respect to n, we get
There are three cases, similar to Chung [7] , to be discussed:
Taking the derivative of φ (n) with respect n, we have
Thus, φ (n) is increasing on [1, ∞) and for all n ≥ 1, we have
Furthermore, two scenarios may occur: • Case 2: (1 − ΩD/P ) = 0 In this case, we have
Eqs.(5.5) and (5.12) imply dEK(n) dn < 0. That means EK(n) is decreasing on [1,∞). Therefore, the optimal solution does not exist.
• Case 3: (1 − ΩD/P ) < 0
Here are still two scenarios to be discussed: 
